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Abstract: According to the Stochastic Einstein field equation and the Langevin equation of fluctuation Path, we
give the Langevin equation with gravitational noise, which describes the star-Brownian motion in stochastic
curved space. By using the corresponding Brownian bridge path integral, we have derived the star wave function

in stochastic curved space.

Keywords Langevin equation with gravitational noise; Brownian bridge path integral; Wave-star dualism and

gravitational action quantum

INTRODUCTION

According to the Langevin equation of fluctuation
path [, we had given the Langevin equation with

quantum noise [¥1 , which describes the quantum-
Brownian motion of a free particle, which has the
diffusion coefficient D, :%. and which is generated
by the quantum fluctuation of virtual particles in
vacuum. By using the corresponding Brownian
bridge path integral, we obtain the wave function of a
free particle.

In this paper, we give the Langevin equation with
gravitational noise, which describes the star-
Brownian motion in stochastic curved space, we have
proven that the corresponding diffusion coefficient is

Df%:and by using the corresponding Brownian

bridge path integral of a star moving in stochastic
curved space, which shows that any star moving in
stochastic curved space have also the wave-star
dualism, which is similar to the wave-particle
dualism.
I. The Langevin Equation with Gravitational
Noise

It is known that the singular point as field source
in non-linear Einstein field equation haven't
independent motion equation .By using Bianchi

identity and Einstein field equation.
1

G, _Eg“ﬁ =—87KT,,, 1)

Go through lots of calculations, Einstein and In

field ™ obtain the motion equation of the singular
point as field source

r

rlnr"z=V[mm],(n:%ﬁ1(r» )

Which is Newton motion equation only relating to
. . - .1
the differentiation of position function (;), where the

. k .-
space coordinates EM(7) represent the position(at any
time) of mass point rkn(k=1,2,|_ ,p),r represents the
“distance ” between the coordinates és and ézs,
where és and ;zs represent two radiuses of two
infinitesimal spheres, which respectively contain
mass points 1y, and m .We had extended Einstein field
equation into stochastic Einstein field equation [°]
1
Ry~ 6% = ~KX,,, ®3)
Which describes that the stochastic matter source
leads to the stochastic property of space-time.
According to the stochastic Einstein field equation(3),
considering the conservation of total energy-
momentum of the mass point and the gravitational
field, we have
—(9)(@" +t%), =0, (42)

all the energy-momentum tensors " = pv'v* and
t* are the stochastic variables, we may rewrite (4a)
as (pV'V¥), +ti =0, (4b)
or Vi (pvk);k +pvkv;ik = _t;i:- (40)

Because the conservation of mass

(p=md(r—1ry)), the first term is equal to zero,
therefore we obtain

ki 1) 1)
w=— — |ty =—| — |F',
oY [pj [p) ®

Which is the stochastic motion equation of any
mass point (or any star) moving in stochastic
gravitational field (or stochastic curved space), where
F should be the stochastic exchange force, since
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dp'
dt
generated by the stochastic change of the stochastic
momentum p' on the boundary between mass point
and the stochastic gravitational field. Equation (5)
shows that F' must be existent, even if there is
without the other outside field. Under the action of
F' a mass point moving along some geodesic line
will stochastically jump to another geodesic line, and
form the probability distribution. Therefore we may
rewrite equation (5) into the Langevin equation with
gravitational noise P' = Py.(t).

Equation (6) describes the star-Brownian motion in

the stochastic curved space, for example, the
Brownian motion of any star moving in non-regular

_R® t
Where R plays the role of graV|tat|onaI noise with
the correlation function
3
G
(ROR ) =5 @)

Equation (6) has the Brownian bridge solution as
following form

P
q”(t):qg’+ut+.|.%ds, ®)
Where we let a“(t) be a lot of Brownian bridge paths,
(g5 +ot) be the average path, and the last term should

be the path fluctuation deviating from average path,
thus we have

J" Fe®ys

t* and t§ are stochastic variables. And F'=""- js

galaxy 101 ;

=X ©

We may write X9 = X,, thus we have

q“M®=9"®~+X, (10)
where g“(t) should be Brownian bridge paths in
stochastic curved space, which may be defined by the

following formula (21

YA ' t " '
X" =B+ + (0" -0" =B (11)

0
Let X3 — g, le“"q“" =q“, and put
O<t <t, <L <t , <t =t ,,when t'=0 and t"=t, all
the Brownian bridge paths must pass through two
boundary points (0,g*) and (t,,9“) in the torsion-
free case. We may suppose that g“(t) be stochastic
geodesic lines, g“(t) be average geodesic line, and X

be fluctuation path deviating a“® as shown in figure 1.

5]
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Figure 1. The integral region is equal to 2 times the size of
the following triangle.

The mean-square-displacement of the star-
Brownian motion in stochastic curved space

should be
method

calculated by the following

PG(tl)j(PG(tz)j
M M

(e = 1o [ ottty = [ o

M3G
[75('1 _tz)] . .
fafn U L [ o ),

(12
Now, we transform the integral variables into

(t-t,)=t'and 0<t, <t—t', which shows in figure2.

PO =gB+Ee

Figure 2. Where we let g“(t) be a lot of Brownian bridge
paths, g“(t) be average classical trajectory. Let (g*,t) and (g*",t")
be the two possible boundary points on g“(t), and X, be path
fluctuations deviating from classical trajectory g#(t) , and these
paths lie on stochastic super surfaces.

Thus we have

2j dt’ j“dt [Mejé(t) 2( j(t t)j st
2('\/(':6]] S(t)dt - Z[MGJJ (t')dt':Z[M?Gjt. (13)

In equation (13) , we have used the properties of
5 -function: I:t'tf(t')dt'=0, since t'6(t)=0, and
I;?S(t')dt':l. Inserting equation (13) into equation (12) ,
we obtain the mean-square-displacement
Gy =2 g Jat (14)

From formula (14) , we can derive the energy
fluctuation of some star in stochastic curved

1 q" Ag- 1 MG =
AE—f Mg,, |2 At | At
space 9 A A2 gy{ ( C J }
MG
:gw( c JAVEhGAV' (]_5)
MG
Where hf%[?j, (16)

Which should be the action quantum for any star
moving in stochastic curved space, which is called
gravitational action quantum. In formula (14) , we
may define the gravitation-diffusion coefficient

D MG _ he
¢~ ¢c 9,,M ' (17a)
Comparing the quantum-diffusion coefficient

derived by us® Df% (17b) and thermal-
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diffusion coefficientD:k?T, (17c) (k is Boltzmann

constant, K is friction coefficient) they related to
gravitational constant G Planck constant h and
temperature T, they have extremely interesting
physical senses.

BROWNIAN BRIDGE PATH INTEGRAL IN
STOCHASTIC CURVED SPACE

Our basic postulation is that the path integral is in
the stochastic curved space, and this space should be
with stochastic curvature, but which is in the torsion-

free case. We may suppose []
N . N+L
@Ot .0 =] [ da, [[T<aa).  (18)
n=1 n=1
where Kg(Ad,) is the short-time amplitude,
caq ) exol [ M (A% ) | _M(Ag,)
and Ko(Aqn)eXpKhG] 2( - ] 8],5 2( - ] €
(19a) the short-time post point action

. M <
s=A (qiq_Aq):g?gyvq#q

M %% - . . v; .
=6 O {q‘ ®a"(t)+a“(t) X+ X, g O+ Xf}

Ao [F0i AT 0] o
&

Inserting (19b) into (19a) and (18), we obtain

@.tle©0=T]] Iidqn}expﬁ;j'\;e(gw ¢ q'“)}

[ ;dq}np[hfj%{[ﬁ] 0. [FO% AT v, x}

(20)
Nap M e N l ﬁ N+L MgNdBt
Where Heth H 2hg dt :H 2hG Adt
n=1 n=1 n=1
N+1 Mgﬂ 2D, dt Mz (N )‘gw’
:Hezh ©dt —p?he Pe , (21a)
n=1
Inserting(Zla)into(ZO) we obtain
ﬁez'Tag, FOX, :ﬁez'Tgwq (t)AX,’ (21b)
n=1 n=1
Na M TR LMsgwa."q'vl
and a2 ( J _ ehe[z . (21c)
Il 1
Inserting (22) into (20), we

obtain

@ .tle ©.0=T1]]" da

M " dB?
2 17
" {gwq q'+29,, 9" () O

I1e (22)
j=1
We rewrite(22)as the following
_— Ls[q"m)
form @10t = [ 9,00 ()"

iM rto v iM
M dt Mg (N+1)2D,.
ZhG-..O 9w " d o2 9,0 (N+1)2Dg

N+1
—g vq* I|mZAX N+1

h =1
,[gq“"\qﬂ'[Axl,sz,L AX ]e HdAX], (23)
Where the conditional Gau55|an function should
be written as [°]

-AX?

N+l e 40t
Gy | AX0 A, L AX | |= _ T
= ( 2/[0'1-2 )2
(@ ="y *
4Dg (t"—t)
e G
(24)

1
(Jz;;zoe(t"—t'))E
In the torsion-free case, the mathematical
structure of formula(23)represents the Brownian
bridge path integral in stochastic curved space.
This mathematical form is analogous to the
calculation of the conditional expectation for
the probability amplitudes along respective
Brownian bridge paths a“® to the probability
amplitude of boundary interval (@ -q“)" We
integrate respectively to each independent
increment 14X, | of path fluctuation in (23), by
using Stratonovich stochastic integral, which

has usual integral method,
1 1
2 *\j: i IMQ%:W (t)\AX |
= j e Mo d|AX,|
JZ;ZO'

] (2o)e [ e, (25)

- [F

Where
1.
u=! |,/1§ M 97O g, - a1, |’thus can
2(jj he 26]-

write 1 :J‘:Oe’(“"f"“zdu =_[ie’5zd§, (26)
Where &=U-io;4,du=d&, we have
P~ [7e" " dedn, (272)

_ © LT 2 _ © 2 2
—IO J'O e rdrdé)—;rj'o e dri=7x, (27h)
Which represents in polar coordinate form,

thereforelmz{ ! 2} @om)e” . (27c)

2707
Inserting (27¢) into (23) , we
iM o % % iM
H . , o)y 9w g“q'dt ——g,, (N+1)2D
obtain @t gt :ezhcf o2 o

7(q;z”7qu‘)2 -1
4Dg (t"-t) N+1

] 2oNm)e .

(2D )f | 1[#%

(28)
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According to the formula (17a), we can rewrite

(28) as following ) . N+ N 1
; ; “t*lg“ty =[] 2Vro
form M g gqa Mg, (N2, @ tla"t) H( q"mj)) 2
AT 2hg Jo 2hg G j=1 2ros—
@“t"|g“t’)y =e™ e ¢ (at;)
- -1 y —2
¢ 45D g : {7 D J (| 4M“GZJ Agjay)
{ h.2c2 |PH 5 2 iM
(\/2 2D, (t" t'))% Hl r (26 e & ) T e AR
T s -
., . . @
Y -(a""-q*)’ (@ "'y -
LU aqvgt ™M 4Dg (t"-t' 4Dg (") i
ZhG-[o P thehGgW(Nﬂ)DG e 6 (t"-t) : e : {eZh P’ (t)}{e [,hsc] }
1 )2
(272D, (1) |2 (y/A7De (1))
: M oM Where
N+1 he? c ) M Moot
7 2 1 AV
gn «/2710- @op/mye eﬁqu © ei(7u jt“ _ _EL gadaid We
IE [ =

-(@“"-q")’
4Dg (t"-t)

\2ro} (y2z2D. 1))’

iM o %, % (2M2G v
—Ztho 9, 9% q'dt— [ s ]2[ 9w a“a’ It

1 (g -g"')?
N+1 g;N(N+1)DG e 4Dg (t"-t)
_H[ > ‘| (20, Jr)e" ) —
«’ 72'6 ( ’47Z'DG(t"*tl))2
2M2G
j quﬂqut *[T . JZEt (29)
e e :
take note of
1 [ ZMZGT
h hgC
e G G
2
2M %G || Mg,,, | A} (At
N+1 -[ZM;G]E: N-+1 ‘[ ho?C ]{ 2‘ [7ij JJ :lA[J
=1 i=1
MG
(ZMZG]{M& [qu (o J }{[JJ
N+1 hGZC 2 =
ey =)
j=1
2 0 2
[2m*G? Agj (at)) {4M4ez]g Ag¥ (At))
N+1 he’c? S Z(E)m e heet J* 20;"(Au)
:He c ) =11]e B
1 :
(30)

Because the linear operation of Gaussian processes
should be also Gaussian process [®1 | thus the
probability amplitudes of a star moving along paths
q“(t), X, and g“(t) in Brownian bridge should have the

same Gaussian distribution. Therefore, we may
rewrite (29) as the following form

will emphasize that o, is the positional
variance of a star moving in average trajectory
<0 .According to Huygens-Fresnel principle of
transmitting amplitude

wave 41y (,8) = [~ 06t 1%,y (x,t)dx, (32)
we may rewrite formula (31), let g“’(t") and

g“(t) be the variable boundary points, and q“()
be variable average trajectory in Brownian

bridge. Thus,
f
y(@ ) =] @Ol - )| ———— |d@"-q")
(«/47[DG (t"—t'))Z

1
2
iM 1
=0, (N+1)Dg
he 27202
a¥(atj)

SR TICERE )1‘[<2J’o .

(0 -q*)l Aty)

4M4G2 A (At;)? , 5
T hezc? o pg2 L Bar ) )—— M 15
@ ¢ o (1)) eZh hg | ihgC
N . -1 N .
—(“" g )z —(g*" g )2
e Do (t"-t) e %0 (t"-t)

I T (33)
(J4nDG(t"—t'))2 (\/477DG(t"—t'))2

which is multiplied by the marginal probability
amplitude on two sides of formula (31) , and
integrating for the following boundary

condition 8! the probability density
@ e, |-=at-0. @

which shows that the fluctuating boundary

distance [I @ -q" )|+G }keep finite values.

We see in (33) that the mtegral result on left
side should be the amplitude wave function

v(¢'0). and integral result on right side is
Syt Thus, formula (33)

becomes
N1 \/_ LMQ
2\ro—— |o——e'°
i ( a (At,)) a ()

o(70)—

0 (N+1)Dg
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[awer) o’
,E hGZCZ HUZGZ
{2”0_27} e a“ (1))
a(t)
2M2G
L pgt ) - Et
ehpq()h[hcj (35)

From the formula of new action quantum
ho_q [MG
6 =Ow C
diffusion coefficient Do :%v(ﬂa); and by using
t=—iz, we may rewrite (35) as the following

form

J, (16); and the gravitation-

N+1

(o @)=T1(2Vro o

1 "
S _agbd )?
2 gWZGZ“
— ﬂ
1 e a"(z) h — g (‘r)+

7o? g e
a#(r)
(36)
Formula (36) represents the modulated “plane

wave function” along some average geodesic
line, and the amplitude modulation factor is also

Gaussian function, the peak is at g*(r)=0,when
->0y(@“ () is o-

i(N+D)

q‘ ()

Z(Q;N) Er

function  wave

‘( )
packet [ its width is 295 which should
diffuse with 7 as Gaussian wave packet.

We may think the wave function (36) is star
wave function in stochastic curved space, but in
reality, which is the sample function with
periodic property of the probability amplitude in
the star-Brownian motion.

CONCLUSION

As mentioned above, we have given the
Langevin equation with gravitational noise,
which should be the motion equation of any star

moving in some stochastic curved space, then
we have calculated the variance
ay 2( ®)at (14)

Where D :T should be gravitation-diffusion
coefficient, and we have derived

he =9, [?J (16)

which is called the action quantum for any star
moving in stochastic curved space. By using
corresponding Brownian bridge path integral,
we have derived the star wave function

V/(Q“(T)) as shown in (36), which shows that

any star moving in stochastic curved space have
also the wave-star dualism, which is similar to
the wave-particle dualism. We think the
stochastic curved space should be a lot of
stochastic 3-dimensional super surfaces, which
satisfies the stochastic Einstein field equation

expanded by us [°1 | and the star-Brownian

10

motion should be along respective possible
stochastic geodesic lines in respective possible
3-dimensional super surfaces. We think any star
should suffer the gravitational noise Fs(),which
is generated by the collective motion with some
stochastic property of the other stars in galaxy.
It is known that the wave function represent as
the path integral form satisfy Schr&dinger
equation. Therefore, the star wave function (36)
should satisfy a new “Schrdlinger equation”.
Comparing Schrd&dinger

= Lj (37a)

e uationi —gd—2 (g
a = 4zm

dt
And diffusion equation%w: D%w, (37b)

Rewriting Schrd&dinger
the following

they are analogous.
equation as

h2

) ol
formlhatco(x,t)?[zj —7 9(x1), (38a)

2
£
2m 2m
ih
ls—fp( )= ( j 7 PX1),
ih) .
o[ -0, (380)
Where Dq is the quantum-diffusion coefficient given

by us® . Similarly, we have the diffusion equation in
star-Brownian

where that

(38h)

thus

d’ a:,(D —E.s
C

Where D; is the gravitation-diffusion coefficient,
and the corresponding “Schrd&dinger equation” should

(39b)
thus which has the
(39¢c)

which is the “Schrdlinger equation” satisfied by the
star wave function w(a“,7).

In a word, we have proven that the Langevin
equation with quantum noise is the motion equation
of a free particle ¥, and the Langevin equation with
gravitational noise is the motion equation of any star
moving in the stochastic curved space (for example,
any star moving in the non-regular galaxy ) and
the probability amplitudes with periodic property
(wave functions) of them satisfy corresponding
Schrddinger equations.

d .
motion - @ = Ds =iD;) (39a)

R *
be'heail//(q vT):_hGDeilzl//(q iT),s
T aq”

Which is similar to (38a),

o . P
i —yp(a",7) =iDg ——y(a",7),
following form art//(q 7) S o w(q“,7)
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